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0. Introduction 

This paper is the second in a series where we attempt to give a complete description of 
the space of all embedded minimal surfaces of fixed genus in a fixed (but arbitrary) closed 
3-manifold. The key for understanding such surfaces is to understand the local structure in 
a ball and in particular the structure of an embedded minimal disk in a ball in R 3 . We show 
here that if the curvature of such a disk becomes large at some point, then it contains an 
almost flat multi-valued graph nearby that continues almost all the way to the boundary. 

Let V be the universal cover of the punctured plane C\{0} with global (polar) coordinates 
(p, 6). An iV- valued graph S over the annulus D T2 \ D ri (see fig. HD is a (single- valued) graph 
over 

{(p,0) eV\r 1 <p<r 2 and \9\ < n N} . (0.1) 



a;3-axis 




Figure 1 . A multi- valued graph. 



Theorem 0.2. Given N G Z + , e > 0, there exist d, C 2 > so: Let G £ 2 C B R C R 3 be 
an embedded minimal disk, <9£ C 8Br. If maxB ro ns |^4| 2 > 4Cf r^ 2 for some R > r > 0, 
then there exists (after a rotation) an iV- valued graph S s C H over Dr/c 2 \-^2ro with gradient 
< e and S 9 C {x\ < e 2 (x\ + x 2 )}. 

This theorem is modeled by one half of the helicoid and its rescalings. Recall that the 
helicoid is the minimal surface E 2 in R 3 parameterized by 

(s cost, s sint, t) (0.3) 
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where s,iGR. By one half of the helicoid we mean the multi- valued graph given by requiring 
that s > in ( FO| ). 

Theorem p.2| will follow by combining a blow up result with ||CM3|| . This blow up result 
says that if an embedded minimal disk in a ball has large curvature at a point, then it 
contains a small almost fiat multi-valued graph nearby, that is: 

Theorem 0.4. See fig. [| Given N,cu > 1, and e > 0, there exists C = C(N, cu, e) > so: Let 
E £ 2 C B R C R 3 be an embedded minimal disk, <9£ C dB R . If sup BronE \A\ 2 < AC 2 r^ 2 

and |^4| 2 (0) = C 2 rQ 2 for some < r < R, then there exist R < r /cu and (after a rotation) 
an iV- valued graph S 9 cE over D^r \ Dr with gradient < e, and dists(0, £ 9 ) < 4R. 

Recall that by the middle sheet £ of an iV-valued graph £ we mean the portion over 

{(p, 9) e V | ri < p < r 2 and < 9 < 2 vr} . (0.5) 

The result that we need from ICMSfl (combining theorem 0.3 and lemma II. 3. 8 there) is: 




Small multi-valued graph near 0. 




Figure 2. Theorem [L4| - finding a 
small multi- valued graph in a disk near 
a point of large curvature. 



FIGURE 3. Theorem [Jl|- extending a 
small multi- valued graph in a disk. 



Theorem 0.6. [pM3j ; see fig. |. Given N l and r > 0, there exist N, fi, e > so: If 
Qtq < 1 < Rq/Q, £ C Br is an embedded minimal disk with <9£ C 0Br , and £ contains 
an TV-valued minimal graph £ g over D\ \D ro with gradient < e and £ 5 C {x\ < e 2 (x 2 + x 2 )}, 
then £ contains a ^-valued graph £ d over D Ro /q \ D ro with gradient < r and (£ 3 ) A/ C £<j- 



As a consequence of Theorem |0.2j , we will show that if \A\ 2 is blowing up for a sequence 
of embedded minimal disks, then there is a smooth minimal graph through this point in the 
limit of a subsequence (Theorem |5.8| below). 

1 are local and are for simplicity stated and proven only for R 3 



Theorems 



with the flat metric although they can with only very minor changes easily be seen to hold 
for a sufficiently small ball in any given fixed Riemannian 3-manifold. 

Let xi,X2,x% be the standard coordinates on R 3 and II : R 3 — > R 2 orthogonal projection 
to {^3 = 0}. For !/GScEc R 3 and s > 0, the extrinsic and intrinsic balls and tubes are 

B s (y) = {x G R 3 | \x-y\ < s} , T,(S) = {x e R 3 | dist R3 (x, S) < s} , (0.7) 
B s (y) = {x e £ | dist s (x, y) < s} , T S (S) = {x e £ | dist E (x, S) < s} . (0.8) 

D s denotes the disk B s (0) H {X3 = 0}. Ks the sectional curvature of a smooth compact 
surface £ and when £ is immersed will be its second fundamental form. When £ is 
oriented, ri£ is the unit normal. 
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1. POINCARE AND CACCIOPPOLI TYPE INEQUALITIES FOR AREA AND CURVATURE 

In this section, we will first estimate the area of a surface (not necessarily minimal) in 
terms of its total curvature; see Corollary |1.5| . This should be seen as analogous to a Poincare 
inequality (for functions), and will be used similarly later in this paper. After that, we will 
bound the curvature by the area for a minimal disk; see Corollary |1.7| . This inequality is 
similar to a Caccioppoli inequality and, unlike the Poincare type inequality, relies on that 
the surface is minimal. Finally, we will apply these inequalities to show a strengthened 
(intrinsic) version of a result of Schoen and Simon. 

Lemma 1.1. If B ro (x) C X 2 is disjoint from the cut locus of x, 

fro p 

Length(«9£ r() ) - 2nr = - / K s , (1.2) 

JO JB P 

ri~o 

2 



1= / k g = 2n- / K s , (1.4) 

dB t JdB t JB t 



Area(£ ro (x)) - nr 2 = - / / / K s . (1.3) 

Jo Jo Jb p (x) 

Proof. For < t < r , by the Gauss-Bonnet theorem, 

d 
di 

where k g is the geodesic curvature of dB t . Integrating (|1.4|) gives the lemma. □ 
Corollary 1.5. If B ro (x) C X 2 is disjoint from the cut locus of x, 

Area(B ro (x)) < nr 2 - ^r 2 / min{K s ,0} . (1.6) 
Corollary 1.7. If X 2 C R 3 is immersed and minimal, B ro C S 2 is a disk, and B ro fl = 0, 

f f rro rr f 

t 2 \A?<rl |A| 2 (l-r/r ) 2 /2= / / / |A| 2 

JBr Q -2t JBr Q JO JO JB p (x) 

= 2 (Area(23 ro ) - vrr 2 ) < r Length (dB ro ) - 2?rr 2 . (1.8) 
Proof. Since S is minimal, \A\ 2 = — 2Ks and hence by Lemma |lTT| 

r rro—t p pro pt p 

t 2 / \A\ 2 <t / / \A\ 2 < / / / |A| 2 = 2(Area(£ ro )-7rr 2 ). (1-9) 

JB ro ^2t Jo J Bp Jo Jo J Bp 

The first equality follows by integration by parts twice (using the coarea formula). To get 
the last inequality in (|l~8| ), note that -^Length(dB t ) > by (|i~4]) hence ^|Length(<9£> t ) > 
t Length(9i3i) and consequently 4 (Length((9i5()/t) > 0. From this it follows easily. □ 

The following lemma and its corollary generalizes the main result of [ ScS 



Lemma 1.10. Given C, there exists e > so if Bg s C S C R 3 is an embedded minimal 
disk, 



then sup Bs \A\ 2 < s~ 



|A| 2 <C7and / \A\ z <e, (1.11) 

B 9s Jb 9s \B s 
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Proof. Observe first that for e small, [ CiSc ] and (|T .1) give 



sup 

hs\B 2s 



\A\ 2 <Cles 



;i.i2) 



By (p|) and ( |TTTTD 

Length(<9£ 2s ) < (4tt + C) s . (1.13) 

We will next use ( |1.12| ) and ( |1.13| ) to show that, after rotating R 3 , B$ s \ B 2s is (locally) 
a graph over {x 3 = 0} and furthermore |n(<9£>s s )| > 3 s. Combining these two facts with 
embeddedness, the lemma will then follow easily from Rado's theorem. 

By ( |i~13D , diam(23 8s \ B 2s ) < (12 + 2tt + C/2)s. Hence, integrating (|TT1) gives 

(1.14) 



sup dist S 2(n(x'),n(x)) < C x e 1/2 (12 + 2tt + C/2) . 

x,x'eB S s\B2s 



We can therefore rotate R 3 so that 

sup 

B 8s \B2. 



\Vx 3 \ < C 2 e^ 2 (l + C). 



Given y G dB 2s , let 7 y be the outward normal geodesic from y to dBg t 
arclength on [0,6s]. Integrating Ql.12 ) gives 



/ \kf\ < [ ^KC^'H/s, 



(1.15) 

parametrized by 
(1.16) 



where k^ 3 is the geodesic curvature of 7 y in R 3 . Combining (|1.15|) with (|1.16[) gives (see fig. 

E> 

(V|B(.) - n(y)|, i y ) > 1 - C 3 e 1 / 2 (1 + C) . (1.17) 

Integrating ( |1.17| ), we get that for e small, |Il((9i38 S )| > 3s. 

See fig. §. Combining \U(dB 8s )\ > 3 s and (|TT§), it follows that, for e small, U~ 1 {dD 2s ) n 
B$ s is a collection of immersed multi- valued graphs over dD 2s . Since B$ s is embedded, 
Il _1 (9-D2s) f^Bss consists of disjoint embedded circles which are graphs over dD 2s ; this is the 
only use of embeddedness. Since x\ + x| is subharmonic on the disk B$ s , these circles bound 
disks in £>g s which are then graphs by Rado's theorem (see, e.g., | CM1]| ). The lemma now 
follows easily from ( |1.15 ) and the mean value inequality. □ 



The solid cylinder 
^R-\D 2s ). 




FIGURE 4. Proof of Lemma |1.10| : By 



1.15| ) and (|1.16|) , each 7^ is almost a 



horizontal line segment of length 6s. 
Therefore, \U(dB% s )\ > 3 s. 



FIGURE 5. Proof of Lemma |1.10| : 
LI _1 (9-D2s) H Bgs is a union of graphs 
over dD 2s . Each bounds a graph in E 
over D 2s by Rado's theorem. 
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Corollary 1.18. Given Cj, there exists Cp so if £>2 S C £ C R 3 is an embedded minimal 
disk with 



\A\ 2 < CV 



;i.i9) 



then sup Bs \A\ 2 < Cps~ 



Proof. Let e > be given by Lemma |1.10| with C = Ci and then let N be the least integer 
greater than Cj/e. Given x G B s , there exists 1 < j < N with 

f \A\ 2 < d/N < e. (1.20) 

JB gl - js (x)\B g - js (x) 

Combining (pPD and flL2CD , Lemma |TTo| gives that \A\ 2 (x) < (9- j s)~ 2 < 9 2N s~ 2 . □ 

We close this section with a generalization to surfaces of higher genus; see Theorem \1.22 
below. This will not be used in this paper but will be useful in ||CM6|| . First we need: 




Break points. 



FIGURE 6. Lemma 11.211: A curve a 



and a broken geodesic o~\ homotopic 



to a in T ro {c) 



Lemma 1.21. Let £ be a surface and cr C E a simple closed curve with length < C r$. 
If for all y G a the ball B ro (y) is a disk disjoint from <9E, then there is a broken geodesic 
o~i C E homotopic to cr in Xol ") an d with < C + 1 breaks; see fig. |6|. If E is an annulus 
with K s < and a separates <9E, then a\ contains a simple curve <r 2 homotopic to a with 
< C + 2 breaks. 

Proof. Parametrize a by arclength so that <r(0) = cr(Length(cr)). Let = t < ■ ■ ■ < t n = 
Length(cr) be a subdivision with t i+ i — ti < r and n < C + 1. Since B ro (y) is a disk for all 
y G cr, it follows that we can replace <r with a broken geodesic <Ti with breaks at cr(tj) = a(ti) 
and which is homotopic to a in X (<t). 

Suppose also now that E is an annulus with < and a is topologically nontrivial. Let 
[a, b] be a maximal interval so that <xi|[ 0) &] is simple. We are done if 0iLm is homotopic to 
cr. Otherwise, ctx | ^ bounds a disk in E and the Gauss-Bonnet theorem implies that 0\ \{a,v\ 
contains a break. Hence, replacing o~i by o\ \ o~i\( a} b) gives a subcurve homotopic to a but 
does not increase the number of breaks. Repeating this eventually gives 02- □ 

Given a surface E with boundary <9£, we will define the genus of E (gen(E)) to be the 
genus of the closed surface E obtained by adding a disk to each boundary circle. For example, 
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the disk and the annulus are both genus zero; on the other hand, a closed surface of genus 
g with k disks removed has genus g. 

In contrast to Corollary |1.18| (and the results preceding it), the next result concerns 
surfaces intersected with extrinsic balls. Below, E 0jS is the component of S s flS with G E 0;S . 

Theorem 1.22. Given C a ,g, there exist C c ,C r so: If G E C B ro is an embedded minimal 
surface with <9E C dB ro , gen(E) < g, Area(E) < C a rQ, and for each C r r < s < r , S \ E 0)S 
is topologically an annulus, then E is a disk and sup Eoc r \A\ 2 < C c r§ 2 . 

Proof. By the coarea formula, we can find ro/2 < r\ < 3ro/4 with Length(<9i? ri nE) < 4 C a tq. 
It is easy to see from the maximum principle that B^/^y) is a disk for each y G dB ri H E (we 
will take C r < 1/4). Applying Lemma |1.21| to <9E 0ri C S \ E 0j r /4) we get a simple broken 
geodesic a 2 C T^/^dEo^J homotopic to <9E 0ri and with < 16 C a + 2 breaks. Consequently, 
the Gauss-Bonnet theorem gives 

J \A\ 2 = -2I K^<%ixg + 2 ! \k g \ < 8 n(g + 4 C a + 1) . (1.23) 
For e > 0, arguing as in Corollary 11.181 gives r 2 with L , v \A\ 2 < e 2 so, by llCiScll , 



I,5r2 \^0,r2 

\2 ^ ri 2 -2 



sup |^r < Ce 2 r^ 2 . (1.24) 

Using the area bound, <9E 0j3r2 can be covered by CC a intrinsic balls i3 r2 / 4 (xj) with Xi G <9E 0) 3,. 2 
(by the maximum principle, each B r2 j^{xi) is a disk). Hence, since <9E 0) 3 r2 is connected, any 
two points in <9E 0i3r . 2 can be joined by a curve in E 0i 4 r2 \ E 0i 2r 2 °f length < C r 2 . Integrating 
( |1.24| ) twice then gives a plane P C R 3 with 9E 0i 3r 2 C Tc er - 2 (P). By the convex hull 



property, G Eo^ C Tc e r 2 (P)- Hence, since 9E 0i 3t. 2 is connected and embedded, 9E 0i 3r 2 is 
a graph over the boundary of a convex domain for e small. The standard existence theory 
and Rado's theorem give a minimal graph E 9 with <9E g = <9E 0i3r2 . By translating E g above 
E 0) 3 r2 and sliding it down to the first point of contact, and then repeating this from below, it 
follows easily from the strong maximum principle that E 9 = E 0i 3 r2 , completing the proof. □ 

2. Finding large nearly stable pieces 

We will collect here some results on stability of minimal surfaces which will be used later 
to conclude that certain sectors are nearly stable. The basic point is that two disjoint but 
nearby embedded minimal surfaces satisfying a priori curvature estimates must be nearly 
stable (made precise below). We start by recalling the definition of (^-stability. Let again 
E C R 3 be an embedded oriented minimal surface. 

Definition 2.1. (^-stability) . Given 5 S > 0, set 

L 5s = A + (1-5 S )\A\ 2 , (2.2) 

so that L is the usual Jacobi operator on E. A domain Q C E is 5 s -stable if J <p Ls s 4> < 
for any compactly supported Lipschitz function (i.e., G Cq' 1 ^)). 

It follows that Q is <5 s -stable if and only if, for all <p G Cq' 1 {Vl), we have the (^-stability 
inequality: 

(1-6,) [ \A\ 2 <p 2 < [ |V0| 2 . (2.3) 



MULTI- VALUED GRAPHS 7 

Since the Jacobi equation is the linearization of the minimal graph equation over E, 
standard calculations give: 

Lemma 2.4. There exists 5 g > so that if E is minimal and u is a positive solution 
of the minimal graph equation over E (i.e., {x + u(x)n-z(x) \ x G E} is minimal) with 
|Vu| + \u\ \A\ < 5 g , then w = logii satisfies on E 

Aw = -|Vw| 2 + div(aVw) + (Vw,aVw) + (b, Vw) + (c - 1)\A\ 2 , (2.5) 

for functions aij,bj,c on E with |a|, |c| < 3 \A\ \u\ + |Vw| and \b\ < 2 \A\ \Vu\. 

The following slight modification of a standard argument (see, e.g., proposition 1.26 of 



UM1| |) gives a useful sufficient condition for <5 s -stability of a domain: 



Lemma 2.6. There exists 5 > so: If E is minimal and u > is a solution of the minimal 
graph equation over Q C E with |Vw| + |w| |A| < 5, then f2 is 1/2-stable. 

Proof. Set = logw and choose a cutoff function G Cq' 1 ^). Applying Stokes' theorem to 
div(0 2 Vw — <p 2 aVw), substituting (|2.5| ), and using \a\, \c\ < 3 5, \b\ < 2 5\Vw\ gives 

(1-3 5) J 2 |A| 2 < - J 2 |Vuf + y 2 (Vu>,6 + aVu>) + 2 J 0(V0,Vw-aVw) 

< (5(5 - 1) J <p 2 \Vw\ 2 + 2(1 + 35) J \<f>Vw\ \V<f>\. (2.7) 
The lemma now follows easily from the absorbing inequality. □ 



We will use Lemma |2.6| to see that disjoint embedded minimal surfaces that are close are 
nearly stable (Corollary [2.13| below). Integrating | Vdistg2(n(x), n)| < \A\ on geodesies gives 

sup dist S 2(n(x'), n(x)) < s sup \A\ . (2.8) 

By (|2.8|) , we can choose < p 2 < 1/4 so: If B 2s (x) C E, s sup B2 M \A\ < 4p 2 , and t < s, 
then the component H X)t of B t (x) fl E with x G E^t is a graph over T X S with gradient <t/s 
and 

inf \x' - x|/dist s (x,x') > 9/10. (2.9) 

x'eB 2s (x) 

One consequence is that if t < s and we translate T^E so that x G T^E, then 

sup |x'-7;E| <t 2 /s. (2.10) 

Lemma 2.11. There exist Co, po > so: If p\ < mm{p , p 2 }, S 1; S 2 C R 3 are oriented 
minimal surfaces, \A\ 2 < 4 on each Ej, ieSi\ T ip2 (dT,i), y G B pi (x) fl E 2 \ T ip2 (dT l2 ), and 
^2pi(^) H B 2pi (y) = 0, then B P2 (y) is the graph {z + u(z)n(z)} over a domain containing 
B P2 / 2 (x) with u ^ and |Vw| + 4 |u| < C p\. 

Proof. Since p 1 < p 2 , Q implies that i3 2p2 (x) n i3 2p2 (y) = 0. If i < 9p 2 /5, then \A\ 2 < 4 
implies that the components E Xjt , E yii of B t (x)nT^i, B t (y)r\Y< 2 , respectively, with x G E Xji , ?/ G 
Ej, jt , are graphs with gradient < t/(2p 2 ) over T z Ei,Tj / E 2 and have E x . it C B 2p2 (x),T lytt C 
B 2p2 (y). The last conclusion implies that E Xj t fl Ej,^ = 0. It now follows that E x . it , E yii are 
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graphs over the same plane. Namely, if we set 6 = dists2(n(x), {n(y), — n(y)}), then (|2.10| ), 
\x — y\ < pi, and Ei Xjt R E^t = imply that 

Pl - (t/2 - Pl ) sin 9 + t 2 /(2p 2 ) > -t 2 /{2p 2 ) . (2.12) 

Hence, sin^ < p 1 /(t/2 — Pl ) + t 2 /[(t/2 — pi)p 2 ]. For P0/P2 small, B P2 (y) is a graph with 
bounded gradient over T x Tli. The lemma now follows easily using the Harnack inequality. □ 





Figure 7. Corollary gTTg : Two suf- 
ficiently close disjoint minimal sur- 
faces with bounded curvatures must 
be nearly stable. 



Figure 8. The set VB in ( gig ). 
Here x G VB and yE \ VB. 



Combining Lemmas p76| and |2.11| gives: 



Corollary 2.13. See fig. [F|. Given C , 5 > 0, there exists e(C , 5) > so that if G E, C R 3 
(i = 1, 2) are embedded minimal surfaces, Ex R E 2 = 0, B 2 R(pi) R <9Ej = 0, |pi — p 2 | < eR, 
and 

sup |A| 2 < L7 ir 2 , (2.14) 

S 2 K(Pi) 

then Bn(pi) C Ej is 5-stable where pj is the point over p$ in the universal cover Ej of Ej. 

The next result gives a decomposition of an embedded minimal surface with bounded 
curvature into a portion with bounded area and a union of disjoint 1/2-stable domains. 

Lemma 2.15. There exists C\ so: If G E C B 2 r C R 3 is an embedded minimal surface 
with <9E C dB 2 R, and \A\ 2 < 4, then there exist disjoint 1/2-stable subdomains Qj C E and 
a function x < 1 which vanishes on Br R E \ Ujfij so that 

Area({a; G B R R E | < 1}) < Ci i? 3 , (2.16) 



\V X ?<C l R 2 



(2.17) 



Proof. We can assume that R> p 2 (otherwise Br R E is stable). Let 5 > be from Lemma 
|2lj| and C ,po be from Lemma [2.1i| . Set pi = min{p /C , S/C , p 2 /4:}. 

Given x G B 2R ^ pi R E, let E x be the component of B pi (x) R E with x G E^. and let B+ be 
the component of B pi (x) \ E^ which n(x) points into. See fig. §. Set 



VB = {x G B fl R E | B+ R E \ B 4 



pi 



x 



0} 



(2.18) 



and let {flj} be the components of Br R E \ VB. Choose a maximal disjoint collection 
{B Pl (yi)}i<i< u of balls centered in VB. Hence, the union of the balls {B 2pi (yi)}i<i< u covers 
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VB. Further, the "half-balls" B pi / 2 (yi) PI By. are pairwise disjoint. To see this, suppose 
that \y { -yj\ < p x but yj <£ B 2pi {y^). Tnen ; h Y (^D> Vj i BspAVi) so S 4/91 (%) i B+ and 
^Apiiyi) ^ -S^; the triangle inequality then implies that B pi /2(yi)nBy i nB pi / 2 (yj)r\B+ = as 
claimed. By ( |2.8| ) ( pTT0|) , each B pi / 2 (yi) has volume approximately pf and is contained 



3 



in B 2 r so that v < C R . Define the function x on £ by 

ifxeVB, 



X(x) = { dist E (x, VB)/ Pl if x G T Pl (VB) \ , (2.19) 
1 otherwise . 



Since ^(VB) C U^ =1 B 3pi (^), |A| 2 < 4, and u<CR 3 , we get fl2~16l) . Combining fl2~Wj) and 
|Vx| < pr 1 gives (|2.17| ) (taking C\ larger). 



It remains to show that each Vtj is 1/2-stable. Fix j. By construction, if x G then there 



exists y x G B+ flS \ B^ Pl (x) minimizing \x — y x \ in B+ fl S. In particular, by Lemma p. 11 
B P2 (y x ) is the graph {z + u.,;(z)n(z)} over a domain containing £>p 2 / 2 (x) with u x > and 
|V«a;| +4 < min{5, p }. Choose a maximal disjoint collection of balls B P2 / e (xi) with X{ G 
fij and let u x . > be the corresponding functions defined on B P2 / 2 (xi). Since £ is embedded 
(and compact) and \u x .\ < p , Lemma |2.11| implies that u Xi (x) = min t>0 {x + tn(x) G £} 



for x G B P2 / 2 (xi). Hence, u Xii (x) = u Xi2 (x) for x G B P2 / 2 (x h ) (~) B P2 / 2 (x i2 ). Note that 
^P2/6(^j) C Ujfi P2 / 2 (xj). We conclude that the w^'s give a well-defined function Uj > on 
T P2 /e(Qj) with | Vitj| + |wj| \A\ < 5. Finally, Lemma [2^ implies that each Qj is 1/2-stable. □ 



3. Total curvature and area of embedded minimal disks 
Using the decomposition of Lemma |2.15|, we next obtain polynomial bounds for the area 



and total curvature of intrinsic balls in embedded minimal disks with bounded curvature. 

Lemma 3.1. There exists C\ so if G £ C B 2 r is an embedded minimal disk, <9£ C dB 2 R, 
\A\ 2 < 4, then 

[ [ [ \A\ 2 ds dt = 2(Area(i3 R ) — n R 2 ) < 6 n R 2 + 20 Ci R 5 . (3.2) 
Jo Jo JB a 



Proof. Let Ci, X i an d Uj'^j be given by Lemma |2.15| . Define if) on Br by if) = ■0(dists(O, ■)) 



1 — distg(0, -)/R, so X ip vanishes off of Ujf2j. Using x>P m the 1/2-stability inequality, the 
absorbing inequality and (|2.17|) give 



\A\ 2 X ^ 2 <2 y|V( X ^)| 2 = 2 J (x 2 \ViP\ 2 + 2 X ^(Vx,ViP)+i> 2 \V X \ 2 ) 

< 6 d R 3 + 3 J x 2 |V^| 2 < 6 d R 3 + 3 iT 2 Area(£ fl ) . (3.3) 

Using (|2~TS| ) and |A| 2 < 4, we get 

| A| V < 4 d i? 3 + y | A| 2 x V < 10 Ci i? 3 + 3 iT 2 Area (jB h ) . (3.4) 

The lemma follows from ( |3.4j ) and Corollary |1.7| . □ 
The polynomial growth allows us to find large intrinsic balls with a fixed doubling: 
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Corollary 3.5. There exists C 2 so that given {3,Rq > 1, we get R 2 so: If G X C Br 2 
is an embedded minimal disk, <9£ C 8Br 2 , \A\ 2 (0) = 1, and \A\ 2 < 4, then there exists 
R <R< i2a/(2/3) with 



|A| 2 + /T 10 / |A| 2 < C 2 R~ 2 Area, (B R ). 

J &2 R 



(3.6) 



Proof. Set A(s) = Area(£> s ). Given m, Lemma p7L| gives 

„4((4/3) 2 ™i? ) \™ -4((4/3) 2 ™i? ) 



mm 



< 



<C[(4:P) 10m R 3 . (3.7) 
there exists R x = (4(3) 2n ~ 2 R 



i<n<m A((4[3) 2n - 2 R ) J ~ A(Ro) 

Fix m with C[ R% < 2 m and set R 2 = 2 (4 / 5) 2m J R - By 
with 1 < n < m so 

For simplicity, assume that /? = 4 9 for g G Z + . As in (|3.7|) , ( |3.8| ), we get < j < q with 



< 



MA£Ri 



< 2 V(9+1) 4IO _ 



Set i? = 4> Combining (|p), (|3T9|), and Corollary |0| gives (p[). 

4. The local structure near the axis 



(3.9) 
□ 



1 <<y 



dB r 




r+R 



Figure 9. The intrinsic sector over a 
curve 7 defined in ( |4.1| ). 

Given 7 C dB r , define the intrinsic sector, see fig. |9], 

Sr(i) — { ex Po( v ) \ r < \v\ < r + R and exp (r v/\v\) G 7} . (4.1) 

The key for proving Theorem [L4] is to find n large intrinsic sectors with a scale-invariant 
curvature bound. To do this, we first use Corollary |1.18| to bound Length(9,B^)/i? from 
below for R > Rq. Corollary |375] gives -R3 > Rq and n long disjoint curves ji C dBn 3 so 
the sectors over 7, have bounded j \A\ 2 . Corollary 1.18 gives the curvature bound. Once 



we have these sectors, for n large, two must be close and hence, by Lemmas |2l} and |2 . 1 1 
1/2-stable. The iV- valued graph is then given by corollary II. 1.34 of ||CM3j| : 



Corollary 4.2. ||CM3|| . Given uj > 8, 1 > e > 0, C , and N, there exist m x , fii so: If G S 
is an embedded minimal disk, 7 C dB ri is a curve, J k g < Corrix, Length(7) = m\T\, and 
%i ri (7)) is 1/2-stable, then (after rotating R 3 ) £^2^,^(7) contains an iV-valued graph 
Eat over D ujQiri \D Uiri with gradient < e, |A| < e/r, and dist 5n ^^( 7 )(7, Ejv) < 4f2 1 r 1 . 



MULTI- VALUED GRAPHS 
% C dB R:i 
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Figure 10. Equation (|4~6| ) divides a 
punctured ball into sectors Si. 



Proof, (of Theorem |D~1]) . Rescale by C/r so that |A| 2 (0) = 1 and \A\ 2 < 4 on B c . 

Let C2 be from Corollary |3.5| and then let mi,fii > 7r be given by Corollary [O with 



Co there = 2C 2 + 2. Fix ao large (to be chosen). By Corollaries |1.7| , 1.18 , there exists 
i?o = -Ro( a o) so that for any _R 3 > R 



a R 3 < i? 3 /4 



\A\ 2 < Length(dB R A 



(4.3) 



H3/2 



Set /3 = 2fi 2 cj. Corollaries Q |33| give #2 = R 2 {Rq, P) so if C > i? 2 , then there is 
Ro<R 3 < R 2 /(2f3) with 

/ |A| 2 + /5- 10 / |A| 2 <L7 2 i?3- 2 Area(^ 3 )<L7 2 Length(9i3 if3 )/(2 J R 3 ). (4.4) 

Using (|4.3|), choose n so that 

00-^3 < 4 mx n i? 3 < Length(<9£>/j 3 ) < 8 m x n R 3 , (4.5) 
and fix 2n disjoint curves 7, C <9£>r 3 with length 2m\R^. Define the intrinsic sectors (see 



fig. 0) 

Si = {exp (w) I < \v\ <2(3R i and exp (i? 3 v/\v\) G 7*} . 
Since the S^'s are disjoint, combining ( |4.4j ) and ( |4.5| ) gives 



2/i 



V / |A| 2 + /T 10 / \A\ 2 \ <AC 2 m in . 

i=i \JB 3R3 nSi Js t 

Hence, after reordering the we can assume that for 1 < i < n 



|A| 2 + /T 10 / \A\ 2 <4C 2mi . 



(4.6) 



(4.7) 



(4.8) 



Using the Riccati comparison theorem, there are curves ji C dB 2R . 3 fl Si with length 2 m\ R3 
so that if y G Si = S^^i) C §i, then -B distE ( ^)/ 2 (2/) C ^. Hence, by Corollary |1.18| and 
Q4.8D ) we get for y G Si and i < n 



sup |A| 2 < C 3 dists 2 (0,y) 

S dist E (0,H)/4(?/) 



(4.9) 
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where C3 = C^{(5,mx). For i < n, (|4.S| ) and the Gauss-Bonnet theorem yield 



/ k g < 27r + 2C 2 mi < (2C 2 + 2)mi. (4.10) 

>/ 7; 



By ( f4.9|) and a Riccati comparison argument, there exists C4 = C^(C 3 ) so that for i < n 

1/(2R 3 ) < minkg < m&xk g < C A /R 3 . (4.11) 



7» 



Applying Lemma |2. 1 1| repeatedly (and using (|4.9|)), it is easy to see that there exists a > 



so that if ii < i 2 < n and 

dist c i([o,2m 1 ],R^)(7u/^3, 7*2/^3) < «, (4.12) 
then {z + w(z) 11(2) | z E T R3/4 (S h )} C U ye5i2 i3 distE (0,^/4 (y) for a function u^O with 

|Vu| + |A| |it| < C' dist c .i([ ,2m 1 ],R3)(7ii/^3, li 2 /R?) ■ (4-13) 

Here dist c -i([ 0!2mi ] i R3)(7i 1 /-R3, ^i 2 /R 3 ) is the scale-invariant C 1 -distance between the curves. 

Next, we use compactness to show that ( [4.12j ) must hold for n large. Namely, since each 
7i/i?3 C B2 is parametrized by arclength on [0, 2mJ and has a uniform C 1,1 bound by ( |4.11| ), 
this set of maps is compact by the Arzela-Ascoli theorem. Hence, there exists no so that if 
n > uq, then ( |4.12| ) holds for some i\ < i 2 < n. In particular, ( [4.13] ) and Lemma |2.6| imply 
that is 1/2-stable for n large (now choose ao, Rq, R2)- After rotating R 3 , Corollary [4.2| 
gives the iV- valued graph S 9 C over D 2uJ n 1 R 3 \ D 2 n 1 R 3 with gradient < e, |A| < e/r, and 
dists(0, S 9 ) < 8 Q\ R3. Rescaling by r /C, the theorem follows with R = 2Qi R 3 r /C. □ 

Corollary 4.14. Given A > 1 and r > 0, there exist > 1 and C > so: Let 6 E 2 C B R 
be an embedded minimal disk, <9£ C <9-Br. If R > r > with sup BronS \A\ 2 < AC 2 r^ 2 

and |/1| 2 (0) = C 2 rQ 2 , then there exists (after a rotation) an A-valued graph E 9 C S over 
Dr/q, \ D rQ with gradient < r, dists(0, £ 9 ) < 4r , and £ s C {£3 < r 2 (x\ + a; 2 .)}- 

Proof. This follows immediately by combining Theorems p.4j and [TEL □ 



Proposition 4.15. See fig. [II]. There exists /? > so: If S 9 C X is as in Theorem |0.4| , then 
the separation between the sheets of S s over dD R is at least /? R. 



Proof. This follows easily from the curvature bound, Lemma |2.11| , the Harnack inequality, 



and estimates for 1/2-stable surfaces. □ 

Separation over dD R is > (3R. 




ujR 

Figure 11. Proposition |4.15| : The 
initial separation is inversely propor- 
tional to the maximum of \A\. 



MULTI- VALUED GRAPHS 
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5. The blow up 

Combining Corollary ^4.14| and a blowup argument will give Theorem p.2| . 

r / 2 r 



Lemma 5.1. If G E C B ro , dT, C dB ro , and sup B nS \A\ 2 > 16 C 2 r 2 , then there exist 



y G E and r x < r - |y| with |v4| 2 (y) = C 2 ^ and sup B (y)ni; |A| 2 < 4C 2 r 1 

Proo/. Set = (r - |x|) 2 \A\ 2 (x). Since F > 0, F^B^ n E = 0, and E is compact, F 

achieves its maximum at y G dB ro _ a PI S with < a < r . Since sup B ^ /2nS |A| 2 > 16 C 2 r ( 



o 



= sup F > 4 C 2 . (5.2) 

s ro ns 

To get the first claim, define r 1 > by 

r 2 |y%)| 2 = C 2 . (5.3) 
Since F(y) = a 2 \A(y)\ 2 > AC 2 , we have 2r x < a. Finally, by g, 

sup (^)V| 2 < sup (^) 2 |A| 2 < sup F^Ky)! 2 . (5.4) 

□ 

Proof, (of Theorem p.2| ) . This follows immediately from Corollary |4.14j and Lemma |5.1| . □ 

If yi G Ej is a sequence of minimal disks with yi — > ?/ and |>l|(?/j) blowing up, then we can 
take ro — > in Theorem [172" . Combining this with the sublinear growth of the separation 
between the sheets from [UM3|, we will get in Theorem |5.8| a smooth limit through y. 

Below E°' 27r C E is the "middle sheet" over {(p, 9) | < 9 < 2ir, r < p < s}. The sublinear 
growth is given by proposition II. 2. 12 of ||CM3|| : 

Proposition 5.5. |C1V13| ] . See fig. |T^. Given a > 0, there exist S p > 0, N g > 5 so: If E is 



a N g - valued minimal graph over D c N g R \ D e -N g R with gradient < 1 and < u < 5 P R is a 
solution of the minimal graph equation over E with | Vu| < 1, then for R < s < 2 R 

sup | A E | + sup \Vu\/u < a/(4R) , (5.6) 

v 0,2ir v 0,2tt 



R.'R 



sup u < (s/R) a sup u. (5.7) 



^0,2tt ^0,2tt 
^fl.s ^R,R 



Theorem 5.8. See fig. [L3| There exists VI > 1 so: Let y L G S, C B R with <9Ej C <9F R 
be embedded minimal disks where y,; — > 0. If l^sJd/j) — > oo, then, after a rotation and 
passing to a subsequence, there exist 6j — > 0, 5i — > 0, and 2- valued minimal graphs E dji C 
{x\ < + x 2 } fl E,j over Fr/^ \ D ti with gradient < 1, and separation at most 5i s over dD s . 
Finally, the E^i converge (with multiplicity two) to a smooth minimal graph through 0. 

Proof. The first part follows immediately from taking r — > in Theorem p.2[ When s is 
small, the bound on the separation follows from the gradient bound. The separation then 
grows less than linearly by Proposition |5.5| , giving the bound for large s and showing that 
the Hd,i close up in the limit. In particular, the E^i converge to a minimal graph E' over 
Dr/vl \ {0} with gradient < 1 and E' C {x\ < x\ + X 2 ,}. By a standard removable singularity 
theorem, E' U {0} is a smooth minimal graph over Dr/q. □ 
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u(2R) 



Figure 12. The sublinear growth of 
the separation u of the multi-valued 
graph E: u{2R) < 2 a u(R) with a < 1. 



Initial scale e 




Figure 

\M\(Vi) 



Separation at s is < 5{S, 
where 8, — > 0. 



13. Theorem 
-> oo and y^ — 



5.8 



As 

y, 2- valued 



graphs converge to a graph through 
y. (The upper sheets of the 2-valued 
graphs collapses to the lower sheets.) 
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